A novel model is developed for a vibrating single-conductor transmission line carrying Stockbridge dampers. Experiments are performed to determine the equivalent viscous damping of the damper. This damper is then reduced to an equivalent discrete mass-spring-mass and viscous damping system. The equations of motion of the model are derived using Hamilton's principle and explicit expressions are determined for the frequency equation, and mode shapes. The proposed model is verified using experimental and finite element results from the literature. This proposed model excellently captures free vibration characteristics of the system and the vibration level of the conductor, but performs poorly in regard to the vibration of the counterweights.
Introduction
Aeolian vibration of transmission lines has been a subject of study for many years. It occurs at what is commonly referred to as Strouhal frequency which is proportional to the wind speed and inversely proportional to the diameter of the conductor. The Strouhal frequency varies between 3 Hz and 150 Hz and causes a peak-to-peak amplitude of up to one conductor diameter. 1 Stockbridge dampers are often employed to dampen Aeolian vibration. Their effectiveness is dependent on their position on the conductor, their overall characteristics, and the characteristics of the conductor.
The model of a conductor can be idealized as an axially loaded Euler-Bernoulli beam subjected to an exciting force by the damper. Claren and Diana 2 were among the earliest investigators to examine Aeolian vibration of transmission lines. They analytically and experimentally determined the natural frequencies of the conductor without damping. The effect of the conductor flexural rigidity on natural frequencies was investigated by Dhotard et al. 3 The differences in the values of natural frequencies observed in the simply supported end cable (with and without flexural rigidity) were less than 3%. They hypothesized that the location of the dampers had negligible effect on the strain for low frequency excitation (i.e. low wind speed). Barbieri et al. 4 performed free vibration analysis of a single conductor without damping using Galerkin method and experimentally validated their results. Barry et al. 5, 6 used the finite element (FE) method to study the vibration of a transmission line with an attached Stockbridge damper. They observed that asymmetric Stockbridge dampers were more effective at higher modes.
Many authors studied the forced vibration of transmission lines using methods based on impedance models. Tompkins et al. 7 examined the interaction of a conductor with a damper using the electrical-mechanical impedance method. That model was reformulated in solely mechanical-impedance terms by Rawlins 8 and then used to analyse conductor vibrations. Further extension of the model was proposed by Nigol and Houston 9 who included the boundary conditions at both ends and considered the arbitrary location of the excitation source. Their model was experimentally verified and it was used to demonstrate optimum damping concepts.
Energy balance method (EBM) is another method used to examine the forced-vibration analysis of transmission lines. The vibration level is evaluated by determining the balance between the energy imparted to the conductor by the wind and the energy dissipated by the conductor (via conductor self-damping) and the added dampers. Oliveira and Preire 10 developed a dynamical model of Aeolian vibration to predict the amplitude of steady-state motion of the conductor based on EBM. They included a method for solving the time-dependent Navier-Stokes equation. Kraus and Hagedorn 11 also employed the EBM to examine vibration magnitudes. Their results were compared to those obtained from a wind tunnel experiment. The optimal position of Stockbridge dampers along the span of the conductor was investigated by Verma and Hagedorn. 12 To avoid locating dampers on nodes for system natural frequencies of less than 50 Hz, they analytically showed that it was sufficient to maintain approximately 1 m maximum distance between adjacent dampers.
A major drawback of the impedance and EBM approaches is the limitation to only one-way coupling between the conductor and damper. Specifically, the dynamics of the damper influenced that of the conductor but not the converse. An attempt at modelling a two-way coupling scenario was reported in Barry et al. 5, 6, 13, 14 The messenger cable and counterweights were modelled as two cantilevered Euler-Bernoulli beams with rigid tip masses. The system was connected to the conductor via a rigid link. While the efficacy of the model was demonstrated, it was very complicated compared with that based on EBM or the impedance method. It was also computationally intensive because of the numerous degrees of freedom employed. The present exposition addresses these shortcomings by replacing the continuum damper model with an equivalent discrete system. The Stockbridge damper was reduced to an equivalent mass-spring-mass and viscous damping system. Hence, the transmission line system was modelled as an axially loaded Euler-Bernoulli beam with in-span mass-spring-mass and viscous damping system. Numerous researchers (see Lin and Tsai, 15 Ercoli and Laura, 16 Liu and Huang, 17 Wu and Lin, 18 Gurgoze 19 and Cha 20 and the references mentioned therein) have investigated the vibration of beams with an attached in-span mass and/or spring-mass system. In spite of these interests, there was no investigation where the beam was subjected to an axial load while supporting an in-span mass-spring-mass and viscous damping system.
In developing the equivalent model, experiments were performed to determine the equivalent viscous damping using the forced response method. The equivalent mass and stiffness of the messenger were determined on the premise that the damper consisted of the two cantilevered beams with a tip mass. The equations of motion were derived using Hamilton principle. Explicit expressions were presented for the characteristic equation, and mode shapes. The model was validated using both the numerical and experimental results in the literature. Parametric studies were conducted to investigate the effect of the magnitude and location of the damper on the natural frequency. The role of the Strouhal frequency on the vibration response was also examined.
Description of the system
A schematic of a single conductor with a Stockbridge damper is depicted in Figure 1 . The Stockbridge damper comprised of a clamp, a messenger (or damper cable) and a mass (or counterweight) at each end of the messenger. The clamp, messenger and damper counterweights were modelled as cantilevered Euler-Bernoulli beams with tip masses, as shown in Figure 2 . The damper was reduced to an equivalent spring-mass and viscous damping system. The conductor and the Stockbridge damper were finally reduced to an equivalent tensile beam with an in-span mass-spring-mass and viscous damping system (see Figure 3) . The additional in-span mass represented the mass of the clamp M c. The equivalent viscous damping was determined experimentally (as outlined in the following section). Since the Stockbridge damper can be modelled as two independent cantilever beams each with a tip mass, the equivalent stiffness, k, is then the parallel combination of the stiffnesses of the two cantilevered beams. The equivalent Assuming that all the wires bend together, the theoretical maximum bending stiffness of the conductor and messenger are calculated to be E c I c ¼ 1602 Nm 2 and E m I m ¼ 31.8 Nm 2 , respectively.
where E m I m and m m are the messenger flexural rigidity and mass per unit length, respectively. The masses of the right-hand side and left-hand side ends of the messenger are denoted by m dr and m dl, respectively. L m denotes the total length of the messenger.
Experiments
The Stockbridge damper is often postulated as nonlinear because it is dependent upon the forcing frequency and the conductor vibration amplitude at the location of the damper clamp. 9, [21] [22] [23] The nonlinearity of the damper can be modelled as an equivalent viscous damping. 24 This equivalent damping coefficient c d is estimated from empirical data as:
where
! is the circular frequency in rad/s. E d and P d are the energy and power dissipated by the damper over a complete cycle, respectively; f is the excited frequency in Hz, F is the force transmitted to the shaker by the damper, V c is the measured velocity at the clamp, and FV is the phase angle between the force and the velocity.
The experimental investigation was conducted by means of the forced response method to measure the force transmitted to the shaker by the damper, the velocity of the clamp, and the phase angle between the velocity and the force. The experimental procedure and set-up were performed according to IEEE std.664. 25 The schematic of the experimental set-up is depicted in Figure 4 The Stockbridge damper was excited in the range of wind-induced vibration (sweep) at a constant velocity 100 mm/s. The frequency range was confined to frequencies greater than 10 Hz, given that the shaker was not applicable to frequencies lower than 10 Hz. Both load cell and accelerometer were connected to a dynamic signal analyzer (PCI-6034E) through charge amplifiers (Dytran 4115 and B&K 2635). For each tested frequency, values were recorded for the input force from the shaker, velocity at the clamp, and phase angle between the force and the velocity. The recorded frequency, force and velocity at the clamp are employed in equation (3) to obtain the equivalent damping coefficient of the Stockbridge damper. A plot of c d against the recorded frequencies is shown in Figure 5 . It indicates that the equivalent viscous damping increases up to certain peaks and then decreases. It should be noted that the frequencies corresponding to these peaks are the resonant frequencies of the Stockbridge damper.
Equations of motion
Two reference frames were attached at the ends of the conductor as shown in Figure 3 . The damper was located at a distance L 1 from the left-hand side reference frame, and the conductor was deemed as being divided into two segments. The transverse displacement of each segment was measured relative to the appropriate reference frame, and it is denoted by w i ðx i , tÞ for i ¼ 1, 2. The vertical displacements of the mass attached to the conductor M c and the suspended mass M d are denoted by z 0 ðtÞ and z(t), respectively. The system kinetic T and potential V energy may then be expressed as 
where z 0 ðtÞ ¼ w 1 ðL 1 , tÞ, E c I c is the conductor flexural rigidity, m c is mass per unit length of the conductor and T denotes the conductor pretension. The overdots and primes denote temporal and spatial derivatives, respectively. These energies were introduced into the Hamilton's principle. The continuity equations and the resulting coupled system governing equations and boundary conditions may be written as 
Free vibration
Assuming the system exhibits harmonic vibration such that the deformations w i ðx i , tÞ and displacements z(t) were expressed as
where j ¼ ffiffiffiffiffiffi ffi À1 p , W i ð i Þ and Z are the respective nondimensional amplitudes of w i ðx i , tÞ and z(t), and ! is the circular natural frequency of the system. Substituting the above equations into equations (7)- (13), and ignoring viscous damping component, yielded the following non-dimensional system equations:
The general solution of equation (16) for each beam or conductor segment was expressed as
For brevity, the following symbols s i , c i , sh i and ch i were introduced to denote sin i , cos i , sinh i and cosh i , respectively. Hence the characteristic (or frequency) equation may be written as 
Forced vibration
Given that the validation of the forced response was based on the experiment reported in Nigol and Houston, 9 the excitation force was from the midspan located at the electrodynamic shaker. This force can be expressed as Fðx, tÞ ¼ f ðtÞð À 0:5Þ, and the forced-vibration equations may be written as
The solutions of equations (34) where q i ðtÞs are the generalized displacements and W i ðÞ are the mode shapes Substituting equations (36) and (37) into equations (34) and (35), then projecting onto the jth eigenfunction and using the classical orthonormality conditions, the following equation was obtained
where ! j is the system natural frequency and c j and Q j are given as
Equation (38) was solved using Runge-Kutta numerical integration method, and the vibration response of the conductor and the damper were determined using equations (36) and (37), respectively.
Numerical simulation
The The first 10 natural frequencies are tabulated in Table 1 for a given conductor length of 27.25 m. The results in the second column were obtained using equation (27), the frequency equation. The third column represents the results obtained via a FE implementation of the conductor and mass-spring-mass model. A good agreement was observed between the values of the exact solution and the FE method. This observation is true for the results in Barry et al., 5 which are presented in the fourth column. The second natural frequency was not captured in Barry et al. 5 This frequency, 16.5798 rad/s, was in close proximity to that of the suspended spring-mass system (i.e. ! ¼ ffiffiffiffiffi
6674 Hz), and its absence may be explained by their formulation method. The damper employed in Barry et al. 5 was as a system comprising two independent beams that were cantilevered to a rigid link which was connected to the conductor. Each cantilevered beam modelled a segment of the messenger and carried a tip mass which represented the counterweight. The bare beam frequencies were obtained by using equation (27) and setting the M d , M c and k to be zero.
A plot of the mode shapes corresponding to the lowest five mode shapes of the system is depicted in Figure 6 . Except for the second mode shape, these mode shapes can be related to the mode shapes of the bare beam. As observed earlier, the second mode frequency was in the proximity of the natural frequency of the suspended spring-mass system. It is conjectured that the inertia/mass of the damper effectively divided the conductor into two segments.
For a given conductor length of 200 m, the influences of the relative magnitudes of the in-span mass M c and the suspended mass M d on the system natural frequencies were examined by maintaining their total sum constant -in the reported simulation M c þ M d ¼ 5 kg. The results are tabulated in Table 2 . Using the scenario where the two masses are equal as a reference, it was observed that increasing the in-span mass M c (and simultaneously decreasing the suspended mass M d in order to maintain the constant total mass condition) increased the system natural frequencies of all five modes. This is plausible because increasing the in-span mass effectively increased the system stiffness (via the segmentation). Figure 7 shows the effect of the damper location on the system natural frequencies. The frequency at each damper location was normalized with respect to the frequency corresponding to the damper location 1 ¼ 0.004. The normalizing frequencies were 2.0548, 4.1096, 6.1645, 8.2195 and 10.2746 rad/s, corresponding to modes 1 through 5, respectively. One half of the conductor length is plotted because of symmetry. The first mode decreased monotonically with decreasing distance of the damper from the conductor midpoint. This is because the effective stiffness of the system decreases as the damper location approaches Figure 6 . The mode shapes corresponding to the lowest five natural frequency of the conductor with mass-spring-mass system. 
Mass (kg)
Natural frequency (Hz) the centre of the conductor. The other four modes were remarkably affected in that they all decreased and increased depending on whether they were approaching a node or an anti-node. The rate of change was more pronounced in the fifth frequency. With regard to forced vibration analysis, the validation of the present model was examined in threefold: the first and second employed the indoor experimental data reported in Nigol and Houston 9 and Barry et al., 14 respectively. The third relied on the FE model of Barry et al. 6 In the case of the first indoor experiment, a 585 Kcmil (26/7) ASCR conductor was strung between two rigid terminals that were 23.5 m apart. Two identical dampers were attached at a distance of 1.73 m from each end and a shaker was mounted at mid-span. The shaker force and the mid-span velocity of the conductor were measured for various resonant frequencies. The tested conductor had the following characteristics: diameter Figure 11 of Nigol and Houston. 9 The proposed model was also extended to accommodate the attachment of two dampers. Further, the mass of the clamp was ignored in order to properly represent the tested damper. The comparison of the experimental data and the computed results from the proposed model are presented in Figure 8 . They show very good agreement. It should be noted that the ratio of velocity over excitation force was measured and computed at the point of excitation.
The second part of the validation consisted of the indoor experiment reported in Barry et al. 14 The conductor 795 Kcmil ASCR was strung between two rigid terminals 27.25 m apart and one Stockbridge damper with the same parameters described in 'Experiments' section. The results are depicted in Figure 9 . Albeit the present model tends to overestimate the vibration amplitude for frequency higher than 20 Hz, it shows similar trends to the model employed in Barry et al. 14 That is both models capture the vibration level of the conductor very well.
The third part of the validation and the rest of the numerical analyses were also based on the 795 Kcmil ASCR conductor and the Stockbridge damper data provided in the experimental section. The system was subjected to a concentrated harmonic force f ðtÞ ¼ F 0 sinð f tÞ N. The equivalent viscous damping was obtained from Figure 5 for each excitation frequency. Figure 10 depicts plots of the conductor non-dimensional maximum vibration amplitude for various Strouhal frequencies which were obtained using both the proposed model and that in Barry et al. 6 In reference to the conductor vibrational response, the results obtained using the present model were in good agreement with those obtained using Barry et al. 6 The normalized mid-span vibration amplitude of the conductor (relative to the conductor diameter, d decreased with increasing forcing frequency. The results for the damper showed poor agreement with those obtained using the FE method. This poor agreement between the proposed simple model and the complete, but complicated model of Barry et al., 6 indicates that the former cannot be used to predict the response of the counterweights. The effect of attaching one or two dampers on the conductor is demonstrated in Figure 11 . Three plots of the non-dimensionalized mid-span vibration amplitude are depicted. The first plot is that of the bare conductor, second is for one damper at L 1 ¼ 3.33 m, and third for two dampers at 3.33 m from each end. The results indicated that using one damper reduced the vibration of the conductor, and the reduction was most pronounced between 10 and 25 Hz. With two dampers, the vibration of the conductor was drastically reduced throughout the whole range of forcing frequency. To further illustrate the role of attaching two dampers, Figure 12 depicts plots of vibration response of the bare and loaded conductor for a given forcing frequency of 20 Hz. The response of the bare conductor displays a resonance phenomenon as expected because the forcing frequency was closer to one of the system natural frequencies. This resonance was completely eliminated in the system with two dampers.
In Figure 13 , the effect of the relative magnitudes of the in-span mass M c and the suspended mass M d on the system response were examined. This was done by increasing M c from 0 to 5 and simultaneously decreasing M d from 5 to 0 kg while maintaining their total sum constant. The results show an increase in the conductor displacement. This implies that the suspended mass has more effect for dampening the conductor than the in-span mass.
Conclusion
The free and forced vibration responses of a single conductor equipped with Stockbridge dampers were examined. The damper was reduced to an equivalent discrete mass-spring-mass and viscous damping system. The viscous damping of the Stockbridge damper was determined experimentally. The system equations of motion were derived using Hamilton's principle. Explicit expressions were presented for the frequency (or characteristic) equation, and mode shapes. The validity of the formulation was demonstrated via comparisons with experimental results and FE numerical method results. The proposed simple model was effective for predicting the conductor response and natural frequencies of the system (i.e. combined conductor and damper), but a poor predictor of the response of the counterweights. The numerical simulations showed significant dependency of the natural frequencies on damper location and total mass. This was more pronounced when the damper was in the proximity of antinodes. With regard to the forced vibration, increasing the forcing frequency significantly reduced the vibration amplitude of the conductor. The use of two dampers was significantly superior to using one damper.
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